The problem formulations of models for internal solitary waves in a stratified shear flow with a free surface are presented. Solitary waves solutions are generated by deriving the nonlinear higher order of extended KdV equations for the free surface displacement. All coefficients of the nonlinear higher-order extended KdV equation are expressed in terms of integrals of the modal function for the linear long-wave theory. The electric field potential and the fluid pressure in the form of traveling wave solutions of the extended KdV equation are obtained. The stability of the obtained solutions and the movement role of the waves by making the graphs of the exact solutions are discussed and analyzed.
Introduction
The two-dimensional interaction of a shear flow with a free surface in a stratified fluid is studied. The shear flow corresponds to the velocity profile in the wake of a partially-submerged object, and the stratification is stable and weak in order to simulate a realistic ocean environment. This study provides physical insight into the problem of the interaction of the shear flow in the wake of components of offshore structures with the ocean surface. The behavior of the linear instability of the flow is similar to the nonstratified flow, but the growth rates are smaller [1] . The reduction of the growth rates depends on the degree of stratification. The nonlinear interaction is studied by a direct simulation of the Euler equations subject to free-surface boundary conditions. For small degrees of stratification, the evolution of the flow is similar to the nonstratified flow, because the stratification terms of the Euler equations remain small. For larger, degrees of stratification the coupling terms become significant, and the evolution of the flow is affected by the density field, but the effect is weak [2] [3] [4] .
The dynamics of stratified shear flows have received considerable attention due to their importance for ocean mixing and energy fluxes. Most work to date has focused on vertically sheared, vertically stratified flow, often with continuous stratification and shear [5, 6] . In these cases, mixing is due to Kelvin-Helmholtz or Holmboe instabilities [7] , which are strongly damped by the stratification. The mixing depends on the strength of the stratification through the square of the buoyancy frequency [8] .
Shear flows with a free surface possess diverse branches of modal instabilities. By approximating the mean flow with a piecewise linear profile, an understanding and classification of the instabilities can be achieved by studying the interaction of the edge waves that arise at the density discontinuity. The various branches of instability are identified and their physical origin is clarified. The edge waves giving rise to the modal instabilities can also lead to a modest transient growth that extends into the regions of neutrality of the flow. However, when the continuous spectrum is excited substantial transient growth can arise and the optimal perturbations attain greater energy when compared with the energy of the fastest modal growing perturbation. These optimal perturbations utilize the continuous spectrum to excite at large amplitude the neutral or amplifying modes of the system [9] .
Solitary waves and solitons represent one of the interesting and famous aspects of nonlinear phenomena in spatially extended systems. They appear as specific types of localized solutions of various nonlinear partial differential equations and possess several important properties. A higher-order extension of the familiar KdV equation is derived for internal solitary waves in a density and current stratified shear flow with a free surface. An illustrative example of a two-layer shear flow is considered, for which is discussed the parameter dependence of the coefficients in the extended KdV equation [3, 10, 11] . Plasmas are an ideal medium for creating solitary waves and solitons. Such environments have been observed in the water waves, earths magnetosphere, cometary tail, planetary rings and so on [12, 13] . Moreover study of plasmas is very attractive because of theoretical features and also their applications [14, 15] .
Internal solitary waves in a stratified shear flow with a free surface are given in [3, 16] for the extended higher-order KdV models. Soliton solutions are derived using the improved modified extended tanh-function method [17] . One-dimensional soliton, apparently inelastic [18] , periodic solutions [19] and N-soliton solutions [20] have been obtained. The explicit solution for the interacting KdV solitons was developed by Hirota using inverse scattering [21] [22] [23] [24] . Exact and numerical solutions of the fifth order KdV equations and coupled KdV system by using the direct algebraic method have been obtained [25] . New exact traveling wave solutions to the complex coupled KdV equations and modified KdV equation were found [26] . A direct algebraic method applied to obtain complex solutions of some nonlinear partial differential equations has been obtained [27, 28] . Exact solutions of the generalized (2 + 1) dimensional nonlinear evolution equations via the modified simple equation method were found [29] . Classification of traveling wave solutions for coupled Burgers' equations, Combined KdV-modified KdV and Schrödinger-KdV equations have been obtained [30] . This paper is organized as follows: in Section 1, an introduction is given. In Section 2, the problem formulation of models for internal solitary waves in a stratified shear flow with a free surface is presented. The higher order of extended KdV equation is derived. In Section 3, the electric field potential and the fluid pressure as traveling wave solutions of the extended KdV equation are obtained and analyzed. Finally, in Section 4, some conclusions are given.
Problem formulations
We consider two-dimensional inviscid and incompressible fluids separated by the interface z = 0, along the direction of streaming. The density stratified fluid is ρ and pressure p, the system is under the influence of a gravitational force g. The basic equations governing the velocity potential are [3] 
where u, v is the fluid velocity, p is the pressure of fluid, ρ is the fluid density, g is the gravitational acceleration and x, z are the spatial coordinates (horizontal and vertical). The fluid is bounded below by the rigid boundary z = −h and above by the free surface whose equilibrium position at z = 0. The boundary conditions for the system of equations are
where ξ (x, t) is the vertical displacement of the free surface. Let us change the (x, z, t) coordinates to (x, y, t) and
Using new transformation and partial derivatives, Eqs. (1) can be rewritten as
∂u ∂x + ∂v ∂y − 
where σ is a small parameter for oceanic conditions and σ → 0 defines the Boussinesq approximation, ρ 0 (y) = ρ(x, z, t)
and N
The system of equations (3)- (5) with kinematic condition (6) can be reduced to two equations for u(x, y, t) and η(x, y, t) as ∂ ∂y
∂u ∂t
The boundary conditions for two equations are
To derive the nonlinear evolution equation, suppose that the waves are long, their amplitude is small, but finite and that the basic horizontal shear flow is stable. If c is the speed of a linear long wave, then let us introduce new variables
where τ is a vector representing the multiple scales (τ 1 , τ 2 , . . .). The KdV equation arises as an approximate equation governing weakly nonlinear long waves when terms up to the second order in the (small) wave amplitude are retained and when the weakly nonlinear and weakly dispersive terms are in balance [16] . If effects of higher order are of interest, then retention of terms up to the third order in the (small) wave amplitude leads to the extended KdV equation. By using the reduction perturbation method, the higher order of extended KdV equation can be derived as
where
.
Consider the traveling wave solutions as
where k and ω are wave number and frequency. Then Eq. (11) becomes
Stability analysis
Eq. (13) is a Hamiltonian system for which the momentum is given by
where M is the momentum, φ is the electric field potential. The sufficient condition for soliton stability is
where ω is the frequency.
Fractional traveling wave solutions
Now we shall find classes of solutions of the higher order of extended KdV equation, by applying the direct algebraic function method. The different values for A ′ give different analytic solutions of Eq. (13), which give the following cases:
We expand the solution of the higher order of extended KdV equation (13) as the following series:
where α, β, a i are arbitrary constants. Balancing the highest order derivative term A (5) with the nonlinear term A ′ A 2 in
Eq. (13) gives m = 4. The solution of Eq. (13) in the form
By substituting from (14) and (15) into Eq. (13) yields a set of algebraic equations for a 0 ,
The system of equations can be solved as
Substituting from Eq. (16) into (15), the electrostatic potential of Eq. (13) can be obtained as a solitary wave solution
Consider that the time scale of oceanographic changes is much longer than the time scale of acoustic propagation and the material properties are independent of time. If the density is constant in space, then a wave equation for pressure is obtained as
where the appearance of c in the wave equation identifies it as the speed of sound, i.e., the speed of the propagating wave. If the density is constant or slowly varying, the vector equation can be transformed into a simple scalar wave equation by introducing the velocity potential φ and the simple wave equation defined by
which is identical to the pressure wave equation (19) . Both equations are valid for varying sound speed, but for constant density only. We note that there is a simple relationship between velocity and pressure for plane-wave solutions to the wave equation. This impedance relation is easily found using the velocity potential form of the wave equation with the solution φ Fig. 1(a,b) . Electrostatic potential (17) and from the linearized Euler equation. Comparing the pressure and velocity expressions yields the plane-wave impedance relation, the fluid pressure, modeled by some convenient equation of state as
Bright solitary wave solution and contour plot for the electrostatic potential (17) are shown in Fig. 1 Fig. 1(c)-(d) . According to the conditions of stability, the electrostatic potential (17) and the pressure fluid (20) are stable in the above interval.
Case II
where α, λ, β are arbitrary constants. Balancing the highest order derivative term A (5) with the nonlinear term A ′ A 2 in Eq. (13) gives m = 4. The solution of Eq. (13) in the form
By substituting from (21) and (22) 
,
Substituting from Eq. (23) into (22), the electrostatic potential of (13) can be obtained as a solitary wave solution
Comparing the pressure and velocity expressions yields the plane-wave impedance relation, the fluid pressure, modeled by some convenient equation of state 
Conclusion
Many physically interesting problems involve the propagation of free surfaces in stratified shear flow. A higher-order extension of the familiar KdV equation is derived for internal solitary waves in a density and current stratified shear flow with a free surface. All coefficients of the nonlinear higher-order extended KdV equation are expressed in terms of integrals of the modal function for the linear long-wave theory. An illustrative example of a two-layer shear flow is considered. The problem formulations of models for internal solitary waves in a stratified shear flow with a free surface are presented. The internal solitary waves solutions are generated by deriving the nonlinear higher order of extended KdV equations for the free surface displacement. We have applied the extended modified direct algebraic method to obtain electric field potential and the fluid pressure in the form of solitary wave solutions of the extended KdV equation. The obtained solutions are newer and more general than those obtained by many authors in the literature. It is proved that the extended modified direct algebraic method is a very powerful mathematical tool to handle a wide variety of nonlinear evolution equations. With the aid of Mathematica, we have checked our solutions by putting them back into the original equation. The stability of the obtained solutions and the movement role of the waves by making the graphs of the exact solutions are discussed and analyzed. According to the conditions of stability, the electrostatic potential and the pressure fluid are stable in the above interval. Fig. 2(a,b) . Electrostatic potential (24) 
